In quantum field theories defined on a spacetime with boundaries, the entanglement entropy exhibits subleading, boundary-induced corrections to the ubiquitous area law. At critical points described by conformal field theories (CFTs), and when the entangling surface intersects the physical boundary of the space, new universal terms appear in the entropy and encode valuable information about the boundary CFT (BCFT). In 2 + 1 dimensions, the universal subleading boundary term is logarithmic with coefficient b(θ) depending on the angle θ at which the entangling surface intersects the boundary, as well as on the boundary conditions (BCs). In this paper, we conduct a numerical study of b(θ) for free bosons on finite-size square lattices. We find a surprisingly accurate fit between our lattice results and the corresponding holographic function available in the literature. We also comment on the ratio b (π/2)/AT , where AT is the central charge in the near boundary expansion of the stress tensor, for which a holographic analysis suggests that it may be a universal quantity. We show evidence that this ratio is violated for the free boson with Dirichlet BCs.
I. Introduction
First introduced in the early 1930s by von Neumann [1] , the entanglement entropy was sixty years later put forward in an attempt to explain black holes entropy [2, 3] and has since emerged as a prominent tool in many different areas of theoretical physics. In quantum field theory (QFT), the entanglement entropy of a spatial region A is defined as the von Neumann entropy of the reduced density matrix ρ A on A, S A = −Tr A (ρ A ln ρ A ). This entropy is UV-divergent due to short-range correlations for generic states in QFTs and needs to be regulated by a cut-off . In continuum Lorentz-invariant theories defined on a (d + 1)−dimensional spacetime without boundary, the general structure of UV divergence for a smooth entangling surface Σ (the boundary of the region A) takes the following form:
where the leading term obeys the area law [3, 4] . The entanglement entropy is particularly useful to probe the structure of CFTs. In even dimension, the relevant subleading term to the area law in S A is a logarithmic divergence whose coefficient encodes information about the central charges of the theory -charges that appear in the trace anomaly [5] [6] [7] [8] [9] . The logarithmic term in even dimension is thus closely related to the trace anomaly.
In an odd dimensional spacetime without boundary, the conformal anomaly trivially vanishes since it is impossible to construct invariants of odd dimension from the Riemann curvature and its derivatives. For similar reasons, the logarithmic term in the entropy for odd dimensional * clement.berthiere@pku.edu.cn
CFTs is absent and the subleading term that contains relevant information about the theory is finite. However, the story is quite different for CFTs in the presence of boundaries. Boundary conformal field theories (BCFTs) have been extensively studied [10] [11] [12] [13] [14] [15] [16] , and constructions of their gravitational duals have also been discussed [17] [18] [19] [20] [21] [22] . For BCFTs, new anomalies localized on the boundary appear together with new central charges [14] [15] [16] 23] .
In particular, the conformal anomaly of an odd dimensional BCFT is a pure boundary term. For example, in three dimensions, the integrated conformal anomaly reads [23] [24] [25] ,
where a and q are boundary central charges,R is the Ricci curvature on the boundary andk µν is the traceless part of the extrinsic curvature tensor of the boundary. In parallel, it has been shown that the entanglement entropy for BCFTs acquires new subleading boundary-induced terms, see for instance [26] [27] [28] [29] [30] [31] [32] [33] [34] and [17, 18, 22, [35] [36] [37] for holographic treatments. For particular entanglement geometries, the subleading corrections to the area law are purely boundary-induced, and one may then extract from the entanglement entropy the boundary contributions that encode universal features of the field theory. In three dimensional BCFTs, if one wishes to compute the entanglement entropy of some spatial region, one can envisage three different situations: i ) The entangling surface is a smooth curve that does not intersect the boundary of the space. In that case, there is no logarithmic divergence in the entropy. ii ) The region A possesses sharp corners [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , i.e. the entangling surface is singular, but does not intersect the boundary. The entanglement entropy then exhibits a logarithmic divergence whose coefficient, the corner function a(θ), depends on the opening angle of the corner and is recognized as an effective measure of the degrees of freedom in the unarXiv:1811.12875v1 [cond-mat.str-el] 30 Nov 2018 derlying CFT [38, [43] [44] [45] [46] . iii ) The entangling surface is smooth but intersects the boundary of the space. In that case, a different logarithmic contribution appears in the entanglement entropy [33, 34] as the region A has now corners adjacent to the boundary. This kind of corners being qualitatively different than the sharp corners discussed just above, we will dub them "boundary-corners". When the opening angle of the boundary-corner is equal to π/2, the logarithmic coefficient in the entropy is controlled by the charge a [33] present in the anomaly A 3 . In this manuscript, we are interested in the angle dependance of the boundary-corner function for free massless scalar fields.
II. Boundary-corner entanglement
In this paper, we study numerically the boundarycorner contribution to the entanglement entropy in 2 + 1 dimensions for free massless scalar fields. The general geometrical setup we consider is depicted in Fig. 1 : the spacetime has a flat boundary ∂M, and the entangling surface Σ that separates the region A from its complement intersects ∂M at C with angle θ. This configuration, besides the area law, captures the subleading boundary-induced logarithmic divergence only as Σ is smooth (no sharp corners). For a region A that contains multiple boundary-corners, i.e. for which Σ intersects several times the boundary ∂M, the coefficient of the logarithmic divergence is obtained by summing the contributions of all corners C i on the boundary,
Here L is the length of Σ and is a UV cutoff. For a conformally invariant theory, s 1,0 are non-universal constants, while b(θ) is universal and related to the trace anomaly (1) . Its form is constrained by properties of the entanglement entropy. Since we consider a BCFT 3 in its ground state which is a pure state, by symmetry S A = SĀ we have
which allows us to study this boundary-corner function for 0 < θ ≤ π/2. When the entangling surface is orthogonal to the boundary, the logarithmic term is given by [33] (see also [34] and Appendix A for scalar field results in d spatial dimensions)
where a is the boundary charge that appears in the conformal anomaly (1) and whose values may be found in Table I for scalars and Dirac spinors. Assuming that the boundary-corner function is analytic about π/2, then it follows from the reflexion symmetry (3) that b(θ) behaves around θ = π/2 as:
In the opposite limit θ → 0, b(θ) is singular as the partition of the system into two parts cannot be defined. We expect in this limit
Both σ and κ are supposed to contain valuable information about the BCFT. This is believed to be true 1) because of the holographic result of [36] which shows that the second derivative at π/2 of the holographic boundarycorner function (i.e. the holographic version of σ) is related to the charge A T associated to the one point function of the stress tensor in the BCFT 3 , and 2) by analogy with the corner function a(θ) for non-smooth entangling surface for which the leading coefficient in the smooth limit (analog to the limit (5)) is universal and characterizes the number of degrees of freedom in the underlying CFT. The objective of this paper is to compute numerically b(θ) for free bosons with Dirichlet boundary conditions for a certain range of opening angles. We then calculate the universal numbers σ and κ from our lattice computations. We eventually compare our exact results to the anomaly-derived formula of [33] and to the holographic boundary-corner function found in [36] . We present both aforementioned analytical formulae hereafter.
Boundary-corner function from the anomaly
As it is well known in two and four dimensions, the logarithmic term in the entanglement entropy can be exactly derived from the integrated anomaly using the replica method [49] . However, in three dimensions the relation between the boundary anomaly A 3 and the logarithmic contribution b(θ) appears to be less transparent. In [33] , Fursaev and Solodukhin showed that for scalar fields the entropy at θ = π/2 derived from the integrated anomaly differs from that computed via the heat kernel. This mismatch is imputed to the occurrence of the non-minimal coupling of the scalar field to the curvature. It is further argue in [33] that the complete logarithmic term for arbitrary angle θ is the difference between the contribution obtained from the anomaly and the one coming from the non-minimal coupling. Their resulting proposed analytical formula for the boundary-corner function, which we denote b F S (θ), is the following 1 :
where f (θ) = 1 32 cos 2 θ sin θ 1 + 2 sin 2 θ + 5 sin 4 θ and q is the second boundary central charge in A 3 . Formula (7) possesses the qualitative behaviors expected for the boundary-corner function; it is monotonically decreasing from θ = 0 to θ = π/2, and near orthogonality one has
while in the cusp limit one obtains from (7)
For a scalar field with Dirichlet boundary condition one gets [23, 33] .
Holographic boundary-corner function
The holographic picture of AdS/BCFT was first introduced in [17] and can be sketched as follows. The dual of a BCFT d+1 is given by an asymptotically AdS d+2 spacetime restricted by a (d + 1)-dimensional brane Q whose boundary coincides with the boundary ∂M of the BCFT d+1 . Thus, the boundary of the bulk spacetime has two components, Q and the conformal boundary M on which lives the BCFT d+1 , and these two meet at a common boundary such that ∂Q = ∂M. In this prescription [17] , the gravitational action consists of the Einstein-Hilbert action to which is added a GibbonsHawking term and a boundary cosmological constant T on the holographic boundary Q.
We consider a geometrical setup in which the boundary of the BCFT 3 is flat, and its extension Q into the bulk has constant tension T . The constant T is related to the slope α of Q as T = 2 cos α. Then as usual, according to Ryu-Takayanagi formula [50] the holographic entanglement entropy is proportional to the area of the minimal surface anchored on the entangling surface on the BCFT side -minimal surface which also ends on Q. Hence, the entanglement entropy computed within the AdS/BCFT framework will in general depend on the slope α of Q. In particular, the holographic boundary-corner function is not only a function of the opening angle θ but is also parametrized by α.
In [36] , the authors computed the minimal surface corresponding to an infinite wedge with opening angle θ ∈ ]0, π/2] having one of its edges on the boundary of the BCFT 3 and found an analytic expression for the holographic boundary-corner function, which they call F α (θ). The complete expression of F α (θ) is rather complicated; it involves elliptic integrals and is given in a parameterized form. Thus we will not reproduce their result here, and we refer the reader to the section 6 of [36] for details. Instead, we only report the limiting regimes of interest, i.e. the orthogonal and cusp limits:
where
, with E(φ|m) being the elliptic integral of the second kind.
In the following section, we introduce our calculation for the free massless scalar field theory on a finite-size square lattice. We will then compare our lattice results for the boundary-corner function to the analytical formulae proposed in [33] (field theoretic) and [36] (holographic).
III. Free bosons on the lattice
We consider the lattice Hamiltonian of a free massless scalar field given by
where d is the spatial dimension of the lattice,
, and L i is the lattice length along the i th direction. The total number of sites is
The lattice spacing has been set to unity. The Hamiltonian (14) can be written as
where K is a positive-definite N × N matrix encoding the nearest-neighbor interactions between lattice sites as well as the boundary conditions. One is free to impose either e.g. periodic (PBCs) or open (OBCs) boundary conditions along each direction,
The vacuum two-point correlation functions are given by
We are only interested in the elements of the correlation matrices for the distinguished region A [51] ,
The entanglement entropy can then be calculated from the eigenvalues ν of the matrix
The procedure described above allows us to calculate the entropy for 2−dimensional regions A of sizes up to ∼ 4.10 4 lattice sites on a computing server with 64Gb RAM. In addition, for boundary-corners with opening angle θ = π/2 (i.e. the entangling surface crosses the boundary orthogonally), we take advantage of the OBCs in one lattice direction to dimensionally reduce our (2 + 1)−dimensional model to multiple (1 + 1)−dimensional effective models. With this mapping, we can compute the entanglement entropy for much larger domains.
Numerical extraction of boundary-corners
Let us discuss here the method that we employ to extract the numerical values of the boundary-corner function from the procedure outlined above.
The initial data are the values computed from (20) for a range of L, where L is the lattice length of the entangling surface. The final values for b(θ) are then obtained in two-steps, see e.g. [38, 40, 48, 52] . First, we perform least square fits of these values to the general scaling ansatz
over various fit ranges [L min , L max ] and p max ∈ [1, 4] , and obtain corresponding b (Lmax) (θ) as functions of L max . Second, we carry out an extrapolation of these values to the thermodynamic limit L max → ∞ and take the result as the final value for b(θ).
As a warm-up, we first apply these methods in the following sub-section in the case where the entangling surface crosses the boundaries orthogonally. The angle dependance is considered right after that.
A. Orthogonal intersections In d = 2 spatial dimensions, the region A (see Fig. 2 ) consists of L A y complete rows, i.e. all sites along the x direction for L A y rows along y. One can decompose the fields φ x,y and π x,y along the lattice direction x such that
The Hamiltonian (14) in two spatial dimensions can then be written as a sum over L x decoupled one dimensional Hamiltonians
where the lower-dimensional Hamiltonians H 1 (k x ) are given by
One notices that each Hamiltonian H 1 (k x ) corresponds to that of a one-dimensional free scalar field with effective mass m 2 kx = 4 sin 2 (k x /2). Therefore, the entropy
The highly time/memory consuming task of diagonalizing
y . The generalization of the above procedure to higher dimensions is straightforward. We compute the boundarycorner function in 3 + 1 dimensions in Section IV.
Correlation functions
a. PBCs in the y direction For the one-dimensional harmonic chain with effective mass m 2 kx = 4 sin 2 (k x /2) with PBCs in the y direction, the two-point functions are given by
where dk y , these vacuum state correlators become [53] (X A ) ij = z
b. OBCs in the y direction If one imposes OBCs in the y direction, the two-point functions are now given by
) and k y = n y π/(L y + 1) with n y = 1, · · · , L y and i, j ∈ A. Due to the presence of the non-zero effective mass m kx , we have not been able to find analytical expressions for these two correlators in the thermodynamical limit.
Summarizing, the numerical evaluation of the entropy for a massless scalar field for the spatial configurations depicted Fig. 2 (26) , and finally, the entropy is given by the sum (26).
Results
We have calculated the entanglement entropy for regions orthogonal to the boundaries of sizes up to 60×1000 (L A y = 1000). The numerical results are shown in Fig. 3 where we have plotted the logarithmic contribution found from our fitting procedure against L max x
. We obtain from our best fits and extrapolations:
We thus find a perfect agreement to the 6 th digit between the lattice numerics and the field theory results b(π/2) = a/24 with a = 1 for the free boson with Dirichlet BCs (OBCs). The factor 4 (2) comes from the fact that the entangling surface intersects orthogonally the boundaries 4 (2) times in the case we impose PBCs (OBCs) in the y direction (see Fig. 2 ). The total logarithmic contribution in the entropy is the sum of all the intersections, hence the factors 4 or 2. We consider next the angle dependence. When the entangling surface is not orthogonal to the boundaries, we cannot sine-decompose the fields in the x-direction as we did in the previous section and hence dimensionally reduce our numerical problem. Nevertheless, we may still compute the entanglement entropy on full two-dimensional lattices for configurations shown in Fig. 4 . In the y-direction we impose PBCs as this allows us to access the thermodynamic limit L y → ∞ analytically. For OBCs and PBCs in the x-direction and y-direction, respectively, the two-dimensional vacuum two-point functions in the thermodynamic limit L y → ∞ are the following:
Expressions (35) and (36) are the matrix elements of the correlation matrices X A and P A respectively (where (i, j) and (r, s) are the raw and column indices respectively). The entanglement entropy is calculated with (20) . We compute the entanglement entropy of regions A of width L A y 1 and length L x L A y on a lattice with OBCs in the x-direction and PBCs in the y-direction (see Fig. 4 ). For such configurations, there are four identical boundary-corners due to the symmetry b(θ) = b(π − θ). Then one extracts the logarithmic contribution in the entropy and divides it by four to get b(θ). In order to access the boundary-corner coefficient of angles other than θ = π/2, we follow e.g. [48] and "pixelate" the entangling surface whose intersections with the boundaries define the boundary-corners. Angles which obey tan θ = r ∈ Q are then accessible on square lattices. This is shown in Fig. 4 for θ = 3π/4 (or π/4, equivalently) and tan θ = ±2. For angles such that tan θ = r > 1, the data points with which we perform our fits are chosen to be distant from each others by ∆L = r. The errors related to the finite size of the lattices or those introduced through our choice of fitting procedures make the confidence intervals of our numerical values difficult to determine. The lattice results for the free boson with Dirichlet BCs are given in Table II . We have reported there the digits that we found to be stable. From our numerical data points, we obtain the following values for the orthogonal and cusp limit coefficients We have extracted the value σ D = 0.023(4) from our lattice calculations by fitting our data to (5) Comparison with the literature Comparing our numerical results with FS function (7) is straightforward, see Table II and Fig. 5 where we have plotted our lattice results and b F S (θ). We find a relatively good agreement between the two for angles θ > π/3, for which the deviation from the numerics falls below 5%. However, in the small angle regime, the difference between the lattice data and the FS formula goes up to 30%, as one can see from the difference between κ D = 0.044(4) and κ 0.01432, the latter differs by nearly 40% with respect to the former. Overall, b F S (θ) does not appear to describe consistently our lattice results over the whole range 0 < θ ≤ π/2.
Let us now turn ourselves to the analytical formula derived within the AdS/BCFT framework in [36] . In order to compare their holographic boundary-corner contribution F α (θ) with our numerical free boson result b(θ), we must start by normalizing F α (θ). A convenient choice is to consider the function b α (θ) defined as
such that b α (π/2) = b(π/2). The extra parameter α is related to the boundary conditions in the holographic field theory, but a precise dictionary between them has yet to be established. The holographic BCFT is a strongly coupled theory with a large number of degrees of freedom. In contrast, the free boson has only one degree of freedom and zero coupling. Furthermore the BCs of the holographic theory are certainly more complicated than the Dirichlet one we consider for the free boson. It may thus seem unlikely that holographic results reproduce exactly free field ones given how different the two field theories are. Comparison of b α (θ) to our lattice data shows a surprising excellent match between the two for a specific value of α, namely α s 2.56(3) 147
• . As one can see in Fig. 5 , the resulting normalized holographic function b αs (θ) and our data for the free boson with Dirichlet BCs agree with each other exceptionally well, within less than 0.1% discrepancy, for the range of angles we considered. We can also use the liming regimes (12) and ( A universal ratio? Holography vs. free field
In a BCFT 3 , the near boundary behaviour of the one point function of the stress tensor is given by [54] 
where x is the proper distance from the boundary,k ij is the traceless part of the extrinsic curvature of the boundary and the coefficient A T a priori depends on the boundary conditions of the BCFT 3 . In [36] , it has been observed that for holographic theories dual to Einstein gravity the ratio
where we have introduced σ E = F α (π/2) 8G N and the subscript E means that this quantity was computed holographically for a bulk theory described by Einstein gravity. As noted in [36] and above, it is indeed interesting that the ratio (40) is independent of the slope α of the boundary because α is supposed to encode the boundary conditions of the dual BCFT in the AdS/BCFT picture. On the field theory side, A T has been computed in [55] for free scalar fields with Dirichlet and Robin BCs, giving the same value A T = −1/128π for both BCs. We thus find from our lattice calculations
which is approximately three times the holographic ratio. Though one has to be careful when evaluating σ D from our data, we are confident that our lattice values of b(θ) are accurate up to their third/fourth significant digits, which does not allow for the value of σ D needed in order to satisfy (40) . It is somehow surprising that the holographic and free field ratios do not match. Indeed, one may have anticipated a similar outcome to that of the corner function a(θ) (see again [43] [44] [45] ) for which holography and field theory agree for the value of the ratio between the leading coefficient in the smooth limit and the central charge C T of the CFT. However, one may suggest 2 that for α = π/2 the holographic BCFT 3 shares some common properties with free scalars, half of them with Dirichlet BCs and the other half with Robin BCs (e.g. same structures of one and two point functions [12, 36, 55, 56] and vanishing logarithmic contribution at orthogonality in the holographic entanglement entropy [35, 36] ). One may therefore conjecture that the holographic ratio (40) could still be valid for free bosons with half Dirichlet and half Robin BCs. In that case, free scalars with Robin BCs would have to satisfy the ratio (σ D + σ R )/2A T = −π, from which one may estimate the Robin coefficient to be σ R −0.0078. It would be very interesting to test this conjecture for the Robin case with field theoretic calculations.
IV. Boundary-corners in 3+1 dimensions
Boundary-corners are not exclusive to (2+1) dimensional spacetimes but can also be defined in higher dimensions. In three spatial dimensions, a boundary-corner is the intersection of three 2−dimensional surfaces where two of them are boundaries of the space and the other one is the entangling surface. Such a corner is shown in Fig. 6 . In general, the corresponding corner function b 3d (α, β, γ) multiplying the logarithmic divergence in the entanglement entropy depends on three opening angles α, β, γ, as well as on the BCs. Restricting ourselves to the case where the entangling surface is orthogonal to the boundaries, that is we fix β = γ = π/2 but α remains arbitrary, the boundary-corner function reduces to [29, 57] 
for both Neumann and Dirichlet BCs. From the field theory results of Appendix A, the entanglement entropy for an orthogonal bipartition of the space with infinite square-cylindrical boundary in 3 + 1 dimensions (see Fig. 8 ) reads
where b 3d (π/2) = 1/96 for a free massless scalar field. We would like to compute numerically b 3d (π/2) for free bosons with Dirichlet BCs on the lattice. To do so, let us first generalize the procedure outlined in subsection III A 1 to d dimensions. The fields φ x and π x are decomposed along the lattice directions
,
The Hamiltonian (14) in d spatial dimensions can be expressed as a sum over decoupled Hamiltonians in one spatial dimension,
where each lower-dimensional Hamiltonian H 1 (k d−1 ) corresponds to that of a one-dimensional free scalar field with mass m
The entropy S d (A) is thus given by the multiple sum
In d = 3 spatial dimensions with coordinates (x 1 , x 2 , y), the entanglement entropy is given by a double sum over k 1 and k 2 . We choose to set PBCs along y−direction and consider the thermodynamic limit L y → ∞ so that the 1d correlations matrices are given by (29) and (30) with m
We set the lengths of the entangling surface in both directions x 1 and x 2 to be the same, i.e. L 1 = L 2 = L. Then for finite L A y the entropy is twice that of (43) because the entangling surface is composed of two identical L × L squares. We have calculated the entanglement entropy for regions orthogonal to the boundaries of sizes up to 50 2 × 600, such that L ∈ [5, 50] and L A y = 600. The lattice results are shown in Fig. 7 where we have plotted the logarithmic contribution (divided by 8 since there are eight boundary-corners b 3d (π/2)) against L max . We employed the same fitting procedure presented earlier, only adapted to d = 3 dimensions. We obtain from our best fit and extrapolation:
We thus find excellent agreement, to the sixth significant digit, between the lattice numerics and the field theory calculation. We intend to study further in subsequent work the angle(s) dependence of b 3d (α, β, γ), as rich universal features may be expected. PBCs are imposed in the y−direction (direction normal to the entangling surface) and we set L1 = L2 = L, and pmax = 4.
V. Conclusion
We have presented in this paper a numerical study of the universal term in the entanglement entropy that arises due to the intersection of the entangling surface with the boundary of the space in three dimensions. This boundary-corner contribution, not to be confused with the sharp corner one due to singularities in the entangling surface, is logarithmic thus subleading to the area law, with universal coefficient b(θ). The boundary-corner function depends on the angle θ of intersection between the entangling surface and the boundary, and of course on the boundary conditions. Focusing on free bosons on two dimensional square lattices with Dirichlet BCs, we have performed exact numerical calculations of b(θ) for a range of angles between θ = 0 and θ = π/2. We then compared our lattice results to two candidate functions: FS formula b F S (7) and the holographic boundary-corner function b α (38) . For α 2.56(3), the latter turns out to agree exceptionally well with our lattice data over the whole range of angles we considered. The (normalized) holographic boundary-corner function b α (θ) has an additional parameter α, which from a mathematical point of view controls the slope of the brane in the bulk whose boundary coincides with the boundary of the BCFT 3 , but from a BCFT perspective should be related to the boundary conditions of the underlying holographic field theory. It is therefore remarkable that for a particular value of α, the holographic function reproduces so well the results of a free massless scalar field with Dirichlet BCs, this despite the obvious dissimilarities of the two field theories.
Our lattice approach allows us to probe the limiting regimes θ π/2 and θ → 0. For the orthogonal limit b(θ π/2) = a/24 + σ(θ − π/2) 2 , we obtain the numerical value σ D = 0.023(4), while in the opposite limit b(θ → 0) κ/θ we find κ D = 0.044 (4) . The orthogonal regime is of particular interest. Indeed, the holographic study of the boundary-corner function [36] suggests that the coefficient σ could be a universal quantity related to the boundary central charge A T in the one point function of stress tensor through σ E /A T,E = −π. We find that this ratio is violated for the free boson with Dirichlet BCs. However, one may conjecture this ratio to still be valid for free bosons with half Dirichlet and half Robin BCs due to properties that this theory share with the holographic one. This would yield for the free boson with Robin BCs: σ R −0.0078. Checking the validity of the holographic ratio in additional theories and for various BCs is an exciting issue to address. Free fermions are then next in line for consideration. We also find interesting to extend these results to the Rényi entropies. Furthermore, as our numerical results suggest, a complete analytical expression of b(θ) for free fields has yet to be found. Studying boundary-corners in higher dimensions is a promising path as well -we have only tackled in this paper the four dimensional case in the simple setup of orthogonality. To our knowledge, this work constitutes the first numerical study of boundary-corner entanglement. There is still much to explore. We choose to focus on one specific geometry which captures the subleading boundary-induced terms only: the (d + 1)-dimensional flat spacetime M has an infinite square cylindrical boundary ∂M and we compute the entanglement entropy for half of this infinite square cylinder (the region A), see Fig. 8 . The distinguished region A is bounded by the entangling surface, denoted Σ, which intersects orthogonally the boundary at P = Σ ∩ ∂M. In 2+1 dimensions, Σ is a line, in 3+1 dimensions it is a square, in 4+1 a cube, and so on. 
Replica trick and heat kernel method
A convenient way to compute the entanglement entropy in quantum field theory is to rely on the replica trick [7, 8, 40, 58] and the heat kernel method. The replica trick maps Rényi's entropy to the partition function of the field theory on an α-fold covering space M α with a conical singularity along the boundary Σ of a region A:
where Z(α) is the partition function of the theory on M α and Z(1) = Z. In the limit α → 1, the Rényi entropy reduces to the entanglement entropy,
At the one-loop level, the partition function Z (on a manifold M) can be computed via the trace of heat kernel K for the Laplace-type operator ∆ that describes the field theory [59] :
where → 0 is a UV cut-off. The trace of the heat kernel encodes information about the spectrum of ∆, and therefore also about the BCs. The underlying manifold M being arbitrary, if one computes the trace of the heat kernel on the replicated spacetime M α which has a conical singularity along a co-dimension two hypersurface Σ, then combining (A3) with the replica formula (A1), one obtains the entanglement entropy associated with Σ. We denote the entanglement entropy as a function of Σ or as a function of the region A, keeping in mind that it effectively depends on the geometry of the entangling surface.
Heat equation and the method of images
The method of images is useful to find solutions of PDE on certain domains with boundaries. The symmetries of the domain can be exploited in constructing solutions using their free space counterparts. Let us put this method to use in order to solve the heat equation on flat space with plane-parallel boundaries.
The heat kernel K satisfies the heat equation
with the initial condition K(s = 0, x, x ) = δ(x, x ). The solution on R is well-know,
Let us consider now the one-dimensional heat equation on 0 ≤ x ≤ L and impose Neumann or Dirichlet boundary condition at x = 0 and x = L,
To construct the solutions corresponding to these BCs, one considers a point P with position 0 < x < L and finds its images across the two parallel planes x = 0 and x = L. There is an infinite number of images, with positions 2Lk ± x, k ∈ Z. For (Dirichlet) Neumann BCs, one has to (anti-) symmetrize K ∞ with respect to x = 0 and x = L, such that the solutions to the heat equation for these BCs read
where the plus (minus) sign corresponds to Neumann (Dirichlet) BCs. Similarly, if we impose Neumann BCs at x = 0 and Dirichlet at x = L, i.e. mixed BCs, one has
Generalization to higher dimensions is straightforward.
Factorization of the heat kernel and partition function
We work in (d + 1)-dimensional flat space with Cartesian coordinates X µ = (τ, y, x i , i = 1, .., d − 2). The entangling surface Σ is defined by the equations τ = 0 and y = 0. The subspace (τ, y) will therefore be the two dimensional cone C i=1 Ω i with Ω i = (0, L i ) factorize, and so does the associated heat kernel. In this context, the method of images is particularly suitable to compute the heat kernel (see e.g. [34] ). The BCs that we shall impose in each direction x i are either Neumann or Dirichlet or mixed (i.e. NeumannDirichlet). The trace of the heat kernel on Ω with a conical singularity takes the compact form (we omit a volume term irrelevant to our discussion) Tr K α (s) = α(α 
and θ (i) (z) are Jacobi theta functions such that θ (i) = θ 3 for Neumann/Dirichlet BCs and θ (i) = θ 4 for mixed BCs.
Entanglement entropy
Inserting (A12) in (A1) and taking the limit α → 1 yields [60] S where
is the area of Σ. The coefficients s k are dependent on the regularization procedure thus non-universal. The coefficients P n are given by [60] 
where the sum extends over all permutations of {1, · · · , d − 1}. For pure Neumann or Dirichlet BCs, P n is the n-area of Σ (for L i = L, P n = 2
n L n ). For example, in 3 + 1 dimensions, Σ is a rectangle which has 4 edges (1-faces) and 4 corners (0-faces). Thus P 1 = 2(L 1 + L 2 ) is the perimeter of Σ, and P 0 = 4 its number of corners. In general, the logarithmic coefficient is proportional to the number of corners P 0 = 2 d−1 of Σ,
It is interesting to note that the logarithmic divergence disappears if the BCs are mixed in at least one direction. The subleading terms in (A15) are due to the presence of the boundary. More precisely, these contributions arise because the entangling surface intersects the boundary of the space. They are thus defined only at P. Setting L i = L, one may also compute for pure Neumann or Dirichlet BCs the finite part that combines with the logarithmic term (and/or the IR one),
This term is due to a combination of two factors: the intersection of the Σ with the boundary ∂M and the BCs imposed on it, as well as the finite size of Σ.
